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ON IRREGULAR THREEFOLDS AND FOURFOLDS WITH 
NUMERICALLY TRIVIAL CANONICAL BUNDLE 

CHEN JIANG 


Abstract. We prove that for a smooth projective irregular 3-fold X 
with Kx = 0 and a nef and big divisor L on X, |mL + P| gives a 
birational map for all m > 3 and all P € Pic°(X). We also use the same 
method to deal with 4-folds, and prove that for a smooth projective 
irregular 4-fold X with Kx = 0 and an ample divisor L on X, \mL + P | 
gives a birational map for all m > 5 and all P £ Pic 0 (A'). These results 
are optimal. 


1. Introduction 

Given an n-dimensional normal projective variety A with Kx = 0 and 
a big and nef Weil divisor L on I, we are interested in the geometry of 
the rational map 4>\ m L\ defined by the linear system |mL|. By definition, 
(f)\mL\ is birational onto its image when m is sufficiently large. Therefore 
it is interesting to find such a practical number m(n), depending only on 
dim X, which stably guarantees the birationality of <j>\ m L\- For dim A < 4, 
we have the following known results: 

Theorem 1.1 (cf. [21J, |8j, m , 0 ). Let X be a smooth projective variety 
with Kx = 0, L a nef and big divisor, and T a divisor such that T = 0. 
Then 

(1) If dim A < 2, | mL + T\ gives a birational map for all m > 3; 

(2) If dim A' = 3, \mL + T\ gives a birational map for all m > 5. 

(3) If dim A' = 4, \mL + T\ gives a birational map for all m > 10. 

It is easy to see that the former two are optimal. In this paper we study 

irregular threefolds and fourfolds (i.e. q( A) = h}(Ox) > 0) with K = 0. 
The technique on irregular varieties developed by J. A. Chen and Hacon 
inspired by Fourier-Mukai transform shows that the geometry of irregular 
varieties is very similar to that of general fibers of the Albanese map. In 
particular, it works quite successfully on pluricanonical maps of irregular 
varieties (cf. [3J (5, El, 10, ill] El])- So we may expect that there is a better 
result for irregular threefolds and fourfolds than Theorem II. 1 1 2)f3). 

The main aim of this paper is to prove the following theorem. 
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Theorem 1.2. Let X be a smooth projective irregular 3-fold with Kx = 0 
and L a nef and big divisor on X. Then \mL + P\ gives a birational map 
for all m > 3 and all P € Pic°(X). 

This result is optimal by the following examples. 

Example 1.3. (1) Let C be an elliptic curve, p £ C, S a smooth surface 

with Ks = 0, and H a nef and big divisor on S. Consider X = C x S 
and L=pxS + CxH. Then |2L| does not give a birational map 
since \2p\ does not give a birational map on C. 

(2) Let C be an elliptic curve, D an effective divisor on C, S = (6) C 
P(l, 1, 2,3) a general hypersurface of degree 6 (which is a smooth K3 
surface), and H = Os( 1). Consider X = C x S and L = D x S + 
C x H. Then |2L| does not give a birational map since |21L| does 
not give a birational map on S. 

(3) There are plenty of non-trivial examples, constructed by Oguiso, of 
irregular 3-folds with K = 0 of the form (S x C)/G where C is 
an elliptic curve, S a K3 surface, and G a group action. For more 
details, see m 

We give a sketch of proof of Theorem 11.21 here. In Section 3, we recall 
and generalize some results developed by J. A. Chen and Hacon to deal with 
linear systems on irregular varieties with K = 0. It turns out that we only 
need to prove that \3L + P\ separates two general points on a general fiber 
F of the Albanese map on which |2L|^| does not give a birational map, and 
we only need to consider the cases that q(X) = 1 or 2, i.e., the Albanese 
fiber dimension is 2 or 1. In Section 4, we consider irregular varieties with 
K = 0 and of Albanese fiber dimension one. 

As by-product, we prove some interesting results for varieties with numer¬ 
ically trivial canonical bundle and of small Albanese fiber dimension which 
hold in arbitrary dimension. 

Theorem 1.4 (=Corollarv 13.31 -l-Corollarv 13.41 -1-Theorem [4.111 . Let X be a 
smooth projective variety with Kx = 0, a : X —> A = Alb(AT) the Albanese 
map, L a nef and big divisor on X, and P € Pic°(X). 

(1) If dim X — dim A = 3, then \mL + P\ gives a birational map for all 
m > 6; 

(2) If dim X — dim A = 2, then \mL + P\ gives a birational map for all 
rri > 4/ 

(3) If dim X — dim A < 1, then \mL + P\ gives a birational map for all 
m> 3, which is optimal. 

In Section 5, we consider irregular 3-folds with K = 0 and of Albanese 
fiber dimension two. This is the most difficult part of the proof. We need 
to lift a section of |3L|^| to X which can separate points that |2L|^| can 
not separate. This comes in two steps. Firstly, we prove that we can lift 
at least one section of |3L|j?| which does not come from |2L|i?| to X. Then 
we prove that such a section is what we want by analyzing the geometry of 
F explicitly. To this end, we need a well-understanding for the projective 
models of minimal surfaces with Kodaira dimension zero. We use classical 
results in [3 0 m QSU22] to prove that almost all such surfaces satisfy a 
nice property (the assumption of Lemma 15.211 . 
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We remark that Theorem O holds even if X has canonical singularities 
and L is a nef and big Cartier divisor on X. This is simply because we may 
replace X by its terminalization, which is in fact smooth by [12} Theorem 
8.3], 

By the method developed in proving Theorem 11.21 we study irregular 4- 
folds with numerically trivial canonical bundle in the case that L is ample. 
We prove the following theorem in the last section. 

Theorem 1.5. Let X be a smooth projective irregular A-fold with Kx = 0 
and L an ample divisor on X. Then |mL + .P| gives a birational map for all 
m > 5 and all P £ Pic°(X). 

In fact, this result holds for varieties of Albanese fiber dimension at most 
three, see Theorem lfi.il This result is optimal by the following example. 

Example 1.6. Let C be an elliptic curve, D an effective divisor on C, 
F = (10) C P(l, 1,1,2, 5) a general hypersurface of degree 10 (which is a 
smooth Calabi-Yau 3-fold), and H = 1)- Consider X = C x F and 

L = D x F + C x H. Then |4T| does not give a birational map since |41L| 
does not give a birational map on F. 

Acknowledgment. The author appreciates the very effective discussion 
with Professor Christopher D. Hacon during the preparation of this paper. 
Part of this paper was written during the author’s visit to University of 
Utah in March 2015 and Beijing International Center for Mathematical Re¬ 
search in May 2015, and the author would like to thank for the hospitality 
and support. The author would also like to thank the referee for valuable 
suggestions. 


2. Preliminaries 

Throughout we work over an algebraically closed field k of characteristic 
0 (for instance, k = C). 

2.1. Projective varieties with K = 0. Let I be a smooth projective 
variety with Kx = 0. Then Kx 0 by |12L Theorem 8.2]. Moreover, let 
a : X —>• A = Alb(X) be the Albanese map, then a is an etale fiber bundle, 
i.e., there is an etale covering n : B — >• A such that X Xa B ~ F x B, for 
a fiber F of a (cf. |1] or [12, Theorem 8.3]). In particular, a is surjective, 
smooth, and isotrivial, dim A = q(X) < dim A, and a fiber F of a is a 
smooth projective variety with Kp = 0. 

2.2. IT 0 sheaves. We recall the definition of IT 0 sheaves and some basic 
lemmas proved by J. A. Chen and Hacon inspired by Fourier-Mukai trans¬ 
form. 

Definition 2.1. A coherent sheaf F on an abelian variety A is said to be 
IT 0 if IP (A, F <g> P) = 0 for alH > 0 and all P £ Pic 0 (A). 

Lemma 2.2 ([U Lemma 2.1]). Let F be a non-zero coherent IT 0 sheaf on 
an abelian variety A. Then H°(A, F <8> P) / 0 for all P £ Pic°(A). 
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Lemma 2.3 (|U Proposition 2.3]). Let T be a coherent IT 0 sheaf on an 
abelian variety A. Suppose that there is a non-zero morphism T —>• C(,z). 
Then the induced morphism H°(A,P (g) P) —>• H°(C(z)) is non-zero for 
general P G Pic 0 (A). 

In the case we are interested in, we have the following lemma. 

Lemma 2.4. Let X be a smooth projective variety with Kx = 0, a : X —>• 
A = Alb(X) the Albanese map , and L a nef and big divisor on X. Then 
a*Ox{L) is a locally free IT 0 sheaf. Moreover, if diva. X — dim A < 3, then 
a*Ox{L) is non-zero. 

Proof. For the fiber X z is a smooth projective variety with K = 0 

and L\x z is nef and big. By Kawamata-Viehweg vanishing theorem, 

h 0 (X z ,O Xz (L)) = x(X z ,O Xz (L)), 

which is a constant since a is smooth. Hence a*Ox(L) is locally free. 

For P G Pic 0 (A), since L is nef and big, by Kawamata-Viehweg vanishing 
theorem again, 

H i {A,a^O x {L)®P)-H i {X, O x {L)®a*P) = 0 

for * > 0. Hence a*Ox(L) is IT 0 . 

If dim X z = dim X — dim A < 3, then 

a*O x {L) <g> C(z) ~ H°(X Z , 0 Xz {L)) ± 0 

by Riemann—Roch formula and thus a*Ox{L) is non-zero. □ 

For sheaves on elliptic curves, we have the following lemma. Note that it 
does not hold in general dimension. 

Lemma 2.5. Let T be a coherent sheaf on an elliptic curve C. 

(1) If P is locally free, then T is IT 0 if and only if it is ample. 

(2) If F is IT 0 , so is every quotient sheaf of P. 

Proof. (1) follows from [5j Lemma 4.3]. (2) follows from the fact that H l 
vanishes on C for i > 1. □ 

2.3. Reider’s theorem. We recall Reider’s theorem and its application on 
smooth surfaces with K = 0. They will be useful in Section 5. 

Theorem 2.6 ([21, Theorem 1]). Let S be a smooth surface and D a nef 
divisor on S. 

(1) If D 2 > 5 and p is a base point of \ Kg + D |, then there exists an 
effective divisor E passing through p such that 

either D.E = 0, E 2 = —1, 

or D.E = 1, E 2 = 0. 

(2) If D 2 > 10 and points p, q are not separated by |/\"5 + D\, then there 
exists an effective divisor E on S passing through p and q such that 

either D.E = 0, E 2 = —2, 

or D.E = 1, E 2 = —1, 

or D.E = 2 ,E 2 = 0. 
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Corollary 2.7. Let F be a smooth surface with Kp = 0 and H a nef and 
big divisor on F. Then \2H\ is base point free and \3H\ gives a birational 
map. 

Proof. Note that Kp = 0 implies that FI 2 is an even integer and H 2 > 2. 
The statement follows from Reider’s theorem directly. □ 

3. Linear systems on irregular varieties 

In this section, we recall some results on linear systems on irregular vari¬ 
eties developed by J. A. Chen and Hacon [5]. Their results are for irregular 
varieties of general type, but can be easily generalized to irregular varieties 
with K = 0. For reader’s convenience, we give the proof, but it is essentially 
the same as in [5]. 

Proposition 3.1 (cf. [5J Corollary 2.4]). Let X be a smooth projective 
variety with Kx = 0, a : X — A = Alb(A) the Albanese map, and L a nef 
and big divisor on X. 

(1) Let F be a fiber of a and x G F. If x Bs|L|i?|, then x 0 Bs|L + a*P| 

for general P G Pic 0 (A); 

(2) Let F be a fiber of a and x G F. If x 0 Bs|L + a*P\ for all P G 
Pic°(A), then a*(Ox{L) <8> T x ) is IT 0 ; 

(3) Let X\,X 2 be two points on two different fibers F\,Fo of a respectively. 
If Xi fL Bs|L|^| for i = 1,2, and x± 0 Bs|L + a*P\ for all P G 
Pic°(A), then \L + a*P\ separates x±,X 2 for general P G Pic°(A); 

(4) Let x\,X 2 be two different points on a fiber F of a. If Xi 0 Bs|L|i?| 
for i = 1,2, |T|i?| separates X\,X 2 , and x\ Bs|L + a*P\ for all 
P G Pic 0 (A), then |L+a*P| separates x\,X 2 for general P G Pic 0 (A). 

Proof. Set 2 : = a(F) G A. Note that by the proof of Lemma 12.41 

a*O x (L) <g> C(z) * H°(F, O f {L)). 

We first look at the exact sequence obtained by evaluating at x: 

0 —> Ox{L) ® T x —> Ox{L) C(x) —> 0. 

Pushing forward to A, we get 

0 —> a*(Ox{.L) ®Tx) —> a*Ox(L) —y C(z) —> • • • (3.1) 

Since x 0 Bs|L|ir| and 

a*O x (L) ® C(z) = H°(F, Op(L)), 
we know that the induced morphism 

u*Ox(T) —y a*Ox{L) <8> C(z) —C(z) 

is non-zero, whence surjective. By Lemma 12.41 a*Ox{L) is IT 0 . Applying 
Lemma \TX\ to a*Ox(L), we get (1). 

To see (2), by tensoring (13.11) with P G Pic 0 (A), we have an exact sequence 
0 — a*(Ox(L) ®Tx) ® P —y a*Ox(L) ® P —^ C(z) —)■ • • • 

By assumption that x fL Bs|L + a*P|, 

H°(A, afiOx(L) ®I X ) ®P)^ H°(A , a*O x {L ) <g> P) 
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is not surjective. Hence 

H°{A, a*O x {L) <g> P) ^ H°{C{z )) 

is non-zero, whence surjective. So we have an exact sequence 

0 —y o* {Ox{P) ® P-x) ® P —J cl^Ox ( I ) ® P —y C(20 —y 0. 

Taking cohomology, we have H 1 {A, a*{0x{P) ®T X ) <8> P) = 0 for i > 0. 

To see (4), we look at the exact sequence obtained by evaluating at a; 2 : 

0 —y a*{Ox{L) ®^x 1 ,® 2 ) a *{Ox{P) ®T X1 ) C(z) —>•■■■ 

The last morphism factors as 

a* {Ox {L) <S> P X \ ) — y {Ox {P) <S> P X \ ) ® C(,z) —^ 0 i*Ox {L) (S) C(z) — y C(z). 

It is obtained by evaluating at x 2 . The assumption that \L\p\ separates 
xi,X 2 shows that this is surjective. By applying Lemma [2731 to a*{Ox{L) <S> 
I Xl ), we are done. 

Finally we consider (3). Assume now that z = a{x 2 ). Again we have an 
exact sequence: 

0 —y a*{Ox{L) <8>Tr 1]3;2 ) — y a*{Ox {P) ®T X \) C(z) —>•••• 

The last morphism factors as 

ci* {Ox{P) ® Px\) —y o,jf{Ox {P) ® P X \ ) ® C(z) — y a*Ox {L) ® C(z) — y C(z) 

which is obtained by evaluating at x^- Since a{x 1 ) a(x 2 ), it follows that 

a*{Ox{L)®P Xl )® < P{z) = a*{Ox{L)) <E)C(z) and hence the above morphism 
is surjective. Again, by Lemma 12.31 we are done. □ 

Corollary 3.2 (cf. J5j Theorem 2.8]). Pet X be a smooth projective variety 
with I\x = 0, a : X —y A = Alb (A) the Albanese map, P a nef and 
big divisor, F a fiber of a, and n > 2 a positive integer. Assume that 
dim A — dim A < 3. Then 

(1) |nP + a*P | separates two general points on two different fibers for 
general P G Pic 0 (A); 

(2) |(n + l)P + a*P | separates two general points on two different fibers 
for all P € Pic 0 (A); 

(3) If\nP\F\ is birational, then \nP + a*P\ separates two general points 
on F for general P G Pic 0 (A); 

(4) If |nL|i?| is birational, then |(n + 1)L + a*P| separates two general 
points on F for all P G Pic 0 (A). 

Proof. By Lemmas 12.21 and 12.41 \mP + a*P| / 0 for all m > 1 and all 
P G Pic 0 (A). For mi, m 2 > 1, consider the map 

|miL + a*Pi| + |m 2 P + a*P 2 | -y \{m± + m 2 ) P + a*(Pi + P 2 )|, 

for Pi,P 2 G Pic 0 (A). If x G P is a general point, then x 0 Bs|L|jr| and 
by Proposition 13.11 1), x fL Bs|m,L + a*P| for i = 1, 2 and for general P G 
Pic 0 (A). Therefore x ^ Bs|(mi + m 2 )L + a*P\ for all P G Pic 0 (A). 

(1) follows from Proposition 13.11 31 since for two general points aq and x 2 
on two different fibers Pi and P 2 , we have seen that aq ^ Bs|nP + a*P| for 
all P G Pic 0 (A) and so aq 0 Bs|nL|i?J for i = 1,2. 
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(3) follows from Proposition 13.If 4) since we assumed that |nL|jr| is bira- 
tional. 

(2) and (4) now follow by considering the map 

|nL + a*P\\ + \L + a* -P 2 I —> \(n + 1 )L + a* (Pi + -F 2 )|- 

Since |nL + a*P\\ separates X\,X 2 for general Pi € Pic°(A) and |L + a*P 2 | 
does not vanish along X\,X 2 for general P 2 £ Pic 0 (A), |(n + 1)L + a*P| 
separates x±,X 2 for all P £ Pic 0 (A). □ 

By Corollary 13.21 we get the main result of this section. 

Corollary 3.3. Let X be a smooth projective variety with Kx = 0, a : 
X —>• A = Alb(X) the Albanese map, L a nef and big divisor on X, and 
P € Pic°(X). Assume that dimX — dirnA < 2. Then 

(1) |mL + P | gives a birational map for all m > 4; 

(2) \3L + P\ separates two general points on two different fibers of a; 

(3) If \2L\p\ is birational on a fiber F of a, then |3L + P| separates two 
general points on F. 

Proof. For a fiber F of a, F is a smooth variety with Kp = 0 and dimP < 2. 
|mL|ir| gives a birational map for m > 3 by Theorem 11.11 1). Hence the 
statements follow from Corollary 13.21 directly. □ 

Similarly, by Theorem 11.11 2b we can easily get the following corollary. 

Corollary 3.4. Let X be a smooth projective variety with Kx = 0, a : 
X —>• A = Alb(X) the Albanese map, L a nef and big divisor on X, and 
P € Pic°(X). Assume that dim X — dim A = 3. Then \mL + P| gives a 
birational map for all m > 6. 

Remark 3.5. By Corollary 13.31 to prove Theorem 11.21 we only need to prove 
that |3L + P| separates two general points on a general fiber F of a on which 
|2L|i?| does not give a birational map, and we only need to consider the cases 
that q(X) = 1 or 2, i.e., the Albanese fiber dimension is 2 or 1. 

4. Irregular varieties of Albanese fiber dimension one 

In this section, we consider irregular varieties with K = 0 and of Albanese 
fiber dimension one. We prove the following theorem. 

Theorem 4.1. Let X be a smooth projective variety with Kx = 0 and 
q(X) = dim X — 1, L a nef and big divisor on X. Then |3 L + P| gives a 
birational map for all P £ Pic°(X). 

Proof. Every fiber of the Albanese map a : X —>• A = Alb(X) is an elliptic 
curve. By Corollary 13.31 2b we only need to prove that |3L + P\ separates 
two general points on a fiber F of a. Also we may assume that L ■ F = 1 
otherwise |2L|jr| gives an embedding on F and we are done by Corollary 

nor 3). 

By Lemma FOl below. a*Ox(3L) <g) P is generated by global sections for 
all P £ Pic 0 (A). Hence 

H°(X, O x {3L) <g) a*P) ~ H°(A,a*O x (3L) ® P) 

a*O x {3L)®P®C{z) ~ H°(F,O f (3L )) 
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is surjective where z = a(F ) £ A. Since |3L| F | gives an embedding on F, 
\3L + a*P | separates two points on F. We complete the proof. □ 

Lemma 4.2. Let X be a smooth projective variety with Kx = 0, a : X —>• 
A = Alb (A) the Albanese map, and L a nef and big divisor on X. For a 
general fiber F of a, assume that h°(F, O f (L)) = 1. Then a*Ox(jnL ) <g) P 
is generated by global sections for all P £ Pic°(A) and all m > 2. 

Proof. By the assumption h 0 (F,O F (L )) = 1 and the proof of Lemma 12.41 
a*Ox(L) is an IT 0 line bundle on A. We may write a*Ox(L) = O a {D) 
where D is a divisor on A. By Lemma [2T2l h 0 (A,O A (D ) <g) P) > 0 for all 
P £ Pic 0 (A), and hence D is an ample divisor. 

Since 

h°(X,O x {L-a*D )) = h 0 (A,a*O x (L)®O A (-D)) = 1, 

L — a*D is an effective divisor on X. Write L — a*D ~ E > 0, (A, tE) is kit 
for a sufficiently small t > 0. Assume that E is not nef, by Cone Theorem 
(cf. [13])) there exists a rational curve C such that E.C < 0. Since A is an 
abelian variety, C must be contracted by a and then E ■ C = L ■ C > 0, a 
contradiction. Hence L — a*D is nef and mL — a*D is nef and big for m > 2. 
By Kawamata-Viehweg vanishing theorem, 

R i a 3f O x {mE-a*D) = 0 

for * > 0 and 

H\A, a*O x (mL) <g> O a (-D) <8> P) ~ H\X, O x (mL - a*D) <g> a*P) = 0 

for i > 0 and all P € Pic 0 (A). By [18, Theorem 2.1], a*Ox(jnL) ® P is 
generated by its global sections for all P £ Pic 0 (A). □ 

5. Irregular threefolds of Albanese fiber dimension two 

In this section, we consider irregular 3-folds with K = 0 and of Albanese 
fiber dimension two. We prove the following theorem. 

Theorem 5.1. Let X be a smooth 3-fold with Kx = 0 and q(X) = 1, L 
a nef and big divisor on X. Then |3 L + P\ gives a birational map for all 
P £ Pic 0 (A). 

Denote by a : X —>• C = Alb (A) the Albanese map where C is an elliptic 
curve. A fiber F of a is a surface with Kp = 0, whence an abelian surface, 
a bielliptic surface, a K3 surface, or an Enriques surface. Write H := L\p. 
By Corollary 13.31 we need to consider the case when \2H\ does not give a 
birational map on F. Recall that \3H\ always gives a birational map. 

5.1. Key lemma. The following is the key lemma of this section. 

Lemma 5.2. Keep the notation as above. Fix P € Pic 0 (C) and fix a general 
fiber F, assume that \2H\ gives a generically finite morphism of degree 
2, and every section in 

H°(F , 0 F (3ff))\Image(mi 2 ) 

separates two points lying in one general fiber of </>i 2 h|; where m \2 is the 
multiplication map of sections 

mia : H°(F, O f (H )) <g> H°(F, O f (2H)) -> H°(F, O f (3H)). 
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Then \3L + a*P\ separates two general points on F. 

Note that sections in H°(F,Of(2H)) do not separate two points lying 
in the same fiber of hence the assumption of Lemma 15.21 means that 

Image(mi 2 ) contains exactly the sections in H°(F,Of(3H)) that do not 
separate two points lying in one general fiber of 4 >\ 2 h\- 

Proof. Since \2H\ separates two points on F not lying in the same fiber of 
</>| 2 if|, by Proposition 13.If 4) and the argument in the proof of Corollary 13.21 
|3 L + a*P | separates two points on F not lying in the same fiber of 4>\2h\- 
We only need to find a section in H°(X, Ox(3L) 0 a*P) that separates two 
points lying in one general fiber of 4 >\ 2 h\- 
Consider the exact sequence 

0 —y F —>• a*Ox(3L) —> Q —> 0 
where F is the image of the multiplication morphism 

a*Ox(L) 0 a*Ox(2L) —> a*Ox(3L). 

Denote z = a(F ) € C a general point. Note that by definition, Q <g) C(^) is 
the cokernel of 

mia : H°(F, Op(H)) 0 H°(F, Op(2H)) -> H°(F, Op(3H)), 

which is non-zero since H°(F,Op(3H)) gives a birational map but Image(mi 2 ) 
does not. Hence Q / 0 and moreover, Q is not torsion since z is general. 
Consider the exact sequence 

0 —y T —y Q —y Q/T —y 0, 

where T is the torsion subsheaf of Q. Then Q/F is a non-zero IT 0 vector 
bundle on C by Lemma [231 2). By Lemma [2721 H°(C, ( Q/T) < 8 > P) ^ 0. Fix 
a non-zero section cr 0 € H°(C, (Q/T) < 8 > P), since 

H°(C, Q®P ) ^ H°(C , (Q/T) (8 P) 

is surjective, <to lifts to a E H°(C, Q 0 P). Since z is general and (Q/T)®P 
is locally free, we may assume that < 7 o is not zero along 2 , hence a is not 
zero along z. 

Since a*Ox(L) and a*Ox(2L) are IT 0 by Lemma [33 they are ample by 
Lemma 1231 lh So a*Ox(L) ®a*Ox(2L) and T are ample and whence IT 0 . 
By taking cohomology, it follows that 

H°(X,O x (3L)®a*P) ~ H° (C, a*Q X (3L) 0 P) H°(C,Q®P) 

is surjective. Hence a lifts to a G H°(X,Ox(3L) 0 a*P). Note that, a is 
not zero along z by construction, we have 

0 7 ^ a(z) € Q 0 P 0 C(^) 

Hence a(z) € H°(F, 0 F( 3 iL))\Image(mi 2 ), and separates two points lying 
in one general fiber of f>\ 2 H\ by assumption. Hence |3L + a*P| separates two 
points lying in one general fiber of 4 >\ 2 h\- Q 

To apply Lemma 15.21 it is important to check the assumption, which is 
not trivial. In the following 4 subsections, we will deal with 4 classes of 
surfaces with K = 0. 
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5.2. K3 surfaces. In this subsection, we consider K3 surfaces and prove 
the following proposition. 

Proposition 5.3. Let F be a K3 surface and H a nef and big divisor on 
F. Assume that \2H\ does not give a birational map. Then \2H\ gives a 
morphism 4 >\ 2 H\ °f degree 2, and every section in 

H°(F, 0 F (3ff))\Image(mi 2 ) 

separates two points lying in one general fiber of 4 >\ 2 h\- 

Before the proof, we need to understand the structure of F in details in 
the case that \2H\ does not give a birational map. 

We recall some basic properties on Hirzebruch surfaces from m Proposi¬ 
tion 1.2]. For a Hirzebruch surfaces F n = P p i (Oy\ © Opi(n)), n > 0, denote 
A a fiber of F n —>• P 1 and B the ( —n)-curve as a section of F n —>• P 1 . For 
any r > 0, the linear system \B + (n + r)A\ is base point free and defines a 
morphism f> n - r : F n —>• P n+2r+1 . Except for the case n = r = 0, the image 
F n;r of 4> n - r is a surface of degree n + 2r. Moreover, F n; o — P(l, l,n) and 
4>n;0 '■ Fn —>• F n; o is the contraction of the curve B; d> n - r : F n —>• F n;r is an 
isomorphism if r > 0 . 

Proposition 5.4. Let F be a K3 surface and H a nef and big divisor on 
F. Assume that \2H\ does not give a birational map. Then \2H\ gives a 
morphism of degree 2. More precisely, one of the following holds: 

(1) \H\ is base point free, FI 2 = 2, \H\ defines 4>\h\ '■ F P 2 > an d \2H\ 
defines f>\ 2 H\ '■ F —> P 2 C P 5 , where the last inclusion is Veronese 
embedding; 

(2) \H\ = |2P + r|, H 2 = 2, \2H\ defines : F -> P(l, 1,4) C P 5 
where the last inclusion is defined by 0(4) on P(l, 1,4); 

(3) \H\ = |(1 + f )P + r|, H 2 = d > 2, \2H\ defines <j>\ 2H \ : F ->■ F 4 C 
pi+ 2 d w h ere fag i as f inclusion is defined by |(2 + d)A + B\ on F 4 . 

Here |P| is an elliptic pencil (i.e. a base point free linear system in which 
the general element is a smooth elliptic curve) and T is a smooth rational 
curve with P ■ T = 1. 

Proof. By Corollary 12.71 \2H\ is base point free. By [221 Proposition 2.6], a 
general member of \2H\ is irreducible. By [221 4.1] and the assumption that 
\2H\ does not give a birational map, \2H\ gives a morphism of degree 2 and 
its image (f\ 2 H\(F) has degree 2d in p 1+2ci where d = H 2 > 2. In this case 
12 H\ is said to be hyperelliptic. By a theorem of del Pezzo (see m Theorem 
1.3]), <j>\ 2 H\(F) is either P 2 , P 2 in its Veronese embedding, or one of the F n;r . 

The first case does not happen because 1 + 2d > 2. For the second case, 
we have Of{ 2H) = f)* 2H ^(0^2{2)), and Of(H) = (f* 2H ^(Op 2 (l)) since there 
is no non-trivial torsion divisor on F. This is exactly statement (1) of the 
proposition. 

Now we assume that 4>\2H\(F) = F n;r C P 1+M for some n and r, then 
n + 2r = 2d by definition and n < 4 by m Corollary 2.4]. Moreover, f>\ 2 H\ 
factors through </> n;r by a morphism -0 : F —>• F n , which is a double cover. 
We have \2H\ = \if*((n+r)A+B)\ and = Op n (BO¥ n (—(n + 2)A — 2B) 

(cf. HU Section 2]). 
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By [IH , Proposition 0.1] or [201 3.8 Theorem (d)] and its proof, either \H\ 
has no fixed part or \H\ = |(1 + %)P + T| where |P| is an elliptic pencil and 
r is a smooth rational curve with P ■ T = 1. 

If \H\ has no fixed part, then by [221 Proposition 2.6, Corollary 3.2], \H\ is 
base point free and a general member of \H\ is irreducible. Then [221 3.9.6] 
implies that H ■ E > 1 for every irreducible curve E satisfying E 2 = 0. On 
the other hand, by [221 Proposition 5.6], the second case in [22 . Theorem 5.2] 
for the linear system \2H\ does not happen. Hence there exists an irreducible 
curve E such that E 2 = 0 and 2 H ■ E = 2, which is a contradiction. 

Hence \H\ = |(1 + ^)P + T| where |P| is an elliptic pencil and T is a 
smooth rational curve with P ■ T = 1. Note that is an elliptic pencil 

on F since \ip*A\ is base point free and h°(F, Of (ip* A)) = 2. If / |P|, 
then il)*A ■ P > 1 and 2 H ■ ip*A = ((2 + d)P + 2T) • ip* A >2 + d. On the 
other hand, 2 H -ip*A = ip*B -ip* A = 2, a contradiction. Hence \ip*A\ = |P|. 
We have 

(2 + d)ip*A + 2r ~ 2H ~ ip*((n + r)A + B). 

Hence h°(F,OF(ip*((n + r — 2 — d)A + B))) > 0. Note that by projection 
formula, we have 

h°(F, 0 F (ip*((n + r-2-d)A + B))) 

= h°( F n , 0 Wn ((n + r-2-d)A + B)) + h°(¥ n , 0 F „((r -4 - d)A - B)) 

= h°( F n , 0 Fn ((n + r-2-d)A + B)). 

This implies that n + r — 2 — d > 0. Combining with n + 2r = 2d, this implies 
that n > 4. Hence n = 4 and r = d — 2. Then we get the statements (2) 
and (3) of the proposition. □ 

Proof of Proposition 15.31 We discuss case by case. 

In Case (1) of Proposition 1520 we know that H°(F,Of(H )) is generated 
by {x, y, z} and H°(F,Of(2H)) is generated by {x 2 ,xy, xz, y 2 ,yz, z 2 }. Then 
Image(mi 2 ) C H°(F, Of(3H)) is generated by 

{x l yiz k | i,j,k > 0,i + j + k = 3} 

which is 10-dimensional. Since Ii 0 (F,Of(3H)) = 11, there exists a section 
<7 such that H°(F, Of(3H)) is generated by Image(mi 2 ) and a. Since |3Pj 
gives a birational map on F, a separates two points lying in one general 
fiber of an d so does every section in H°(F, 0 F (3P))\Image(mi2). 

In Case ( 2 ) of Proposition l5~Il since |P| is an elliptic pencil, H°(F, O f {P)) 
is generated by {x,y}. Since h°(F, Of(T)) = 1, H°(F, Of(T)) is gener¬ 
ated by 7 . Hence F[ 0 (F,Of(H)) contains {x 2 7 , xy'y, y 2/ y} and it turns out 
to be a basis by dimension computation. Moreover, H°{F,Of{2F[)) con¬ 
tains {x z yj'y 2 | i,j > 0, i + j = 4} which is 5-dimensional. We can choose 
a section z to complete a basis of H°(F,Of{2H)). Then Image(mi 2 ) C 
F[°(F,Of{3H)) is generated by 

{x l y-’'Y 3 , x k y l 'yz \i,j,k,l > 0 ,i + j = 6, k + l = 2} 

which is 10-dimensional. Since hP(F,OF(3H)) = 11, there exists a section 
a such that H°(F, Of(3H)) is generated by Image(rui 2 ) and a. Since |3Pj 
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gives a birational map on F, a separates two points lying in one general 
fiber of f>\ 2 H\, and so does every section in H°(F,OF(3H))\Im&ge(mi 2 ). 

In Case (3) of Proposition [53 set \H'\ = |2P + r|, then \H'\ satisfies Case 
(2) of Proposition 15.41 We have seen that H°(F,Of{H')) is generated by 
{x 2 7 , xy'y, y 2r f}, H°{F,Of{2H’)) is generated by 

{x l y J ^ 2 ,z | i,j > 0,i +j = 4}, 
and H°(F,Of(^H)) is generated by 

{x l y^ 3 , x k y l 'yz, a\i,j,k,l>0,i + j = 6,k + l = 2}. 


Here a separates two points lying in one general fiber of Note that 

4>\2H’\ is the composition of 4>\ 2 h\ with the contraction F 4 —>• P(l, 1,4) which 
contracts the curve B. Hence o separates two points lying in one general 
fiber of <j>\ 2 H\- Since \3H\ = \3H' + — 3)P| and H°(F, Of(P)) is generated 
by {x,y}, H°(F,Of(3H)) contains 


jp 


y j ^,x k y l ^z,x m y n a 


3 (£ 

i, j, k, l, m, n > 0, i + j = — + 3, 

, , 3 d 3d 1 

k + l = —— 1, m + n = —— 3|. 


This turns out to be a basis by dimension computation. By similar argu¬ 
ment, Image(mi 2 ) is generated by 


\x i y j ^,x k y l 1 z 


, , 3d , , 3d 1 

h3,k,l > 0,z + j = — +3,k + l = — - l|. 


In other words, H°(F,Of(3H)) is generated by Image(mi 2 ) and 

3d 


|x m y n cr m, n>0,m + n = —— 3j. 


Since a separates two points lying in one general fiber of 4>\2H\ j so does every 
section in H°(F, C>ir(3i?))\Image(mi2). □ 


5.3. Enriques surfaces. In this subsection, we consider Enriques surfaces 
and prove the following proposition. 


Proposition 5.5. Let F be an Enriques surface and F[ a nef and big divisor 
on F. Assume that \2H\ does not give a birational map. Then \2H\ gives a 
morphism cf)\ 2 h\ °f degree 2, and every section in 

H 0 (F,O F (3H))\lmage(m l2 ) 

separates two points lying in one general fiber of 

Proof. By Corollary 12.71 \2H\ is base point free. Hence a general member of 
\2H\ is irreducible by [ 6 , Proposition 1.5.2], Note that p a (2H) = 1+2 H 2 > 5. 
By ia Lemma 3.3.3] and base-point freeness of \2H\, 4>\ 2 h\ is a morphism 
of degree 2. By base-point freeness of \2H\ again, |2iL| is not hyperelliptic 
(for definition, see [61, Theorem 4.1]). By [ 6 ] Proposition 5.2.1], p a (2H) = 5. 
By [61 Lemma 5.2.7], there exists an irreducible pencil of genus two (with 
two base point) |M| such that \2H\ = \2M\. This implies that \H\ = \M\ or 
\H\ = \M + Kp\ since the only non-trivial torsion divisor on F is Kp- By f 6 } 
Theorem 6.1], there are 2 types for |M|: non-special type and special type 
(See El Proposition 1.5.4, Definition 1.5.5] for definition and property). 
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Recall that by an elliptic pencil |P| on F , we always mean a base point 
free linear system in which the general element is an elliptic curve. For an 
elliptic pencil |P| on F. there exist effective divisors E and E' such that 
|P| = \2E\ = |2P'|, E' € \E + I \ F |, and 2 E, 2 E' are the only multiple fibers 
of |P| (cf. [ 6 > Proposition 1.6.3]). 

Firstly we consider the case that \M\ is non-special. Then by [ 6 ] 6.3.1], 
there exist two elliptic pencils |2Pi| and 1 2 P 72 1 such that \M\ = \E\ + P 2 |. 
In this case |M + Kp\ = \E± + E 2 + Kp\ = \E\ + E' 2 \ is of the same form as 
\M\. Hence we may assume that |P| = |M|. Since 

dim H 0 {F,O F {Ei)) = dim H°(F,O f (E%)) = 1, 

we write their generators by e* and e( respectively for * = 1,2. Since | 2 P| = 
|2Pi + 2 P 2 I = |2P( + 2P 2 | = |Pi + E 2 + E[ + E 2 \, F[°(F,O f (2F[)) contains 

f e i e 2 •> e i e 2 , e i e 2 , e 2 , eie 2 e 1 e 2 ) 

and it turns out to be a basis by dimension computation. For simplicity, we 
may write x\ = e^e 2 , x 2 = e^e^ 2 , x% = efe 2 2 , X 4 = e , 2 e 2 , and xo = eie^e^e],. 
Then they satisfy equations Xq = xix 2 and Xg = X 3 X 4 which actually define 
012 H \(F) C P 4 (cf. 0 1.4]). For simplicity, we formally denote yfx\ = eie 2 
and define ^[x[ similarly for i = 2,3,4. Since \H\ = \E\ + P 2 | = | E[ + P 2 |, 
H°(F, O f (H)) contains an d this turns out to be a basis by 

dimension computation. Hence Image(mi 2 ) C H°(F,O f (3H)) is generated 

by _ _ 

{xj-^xi, Xjy/x 2 | 0 < * < 4, 2 < j < 4} 

which is 8 -dimensional (note that xoy/x 2 = X 2 y/xi and xiy^xi = xq^/xI). 
On the other hand, recall that |2P + K F \ gives a birational map on P (cf. 
[21 Proof of Lemma 5.2.7]), there is a section a € H°{F,O f {2H + Kp)) 
which separates two points lying in one general fiber of 4 >\ 2 h\- Also by 
|H + K F \ = |P, + E ' 2 1 = | E[ + E 2 1, it follows that H°(F,O f {H + K F )) 
is generated by {^/xs, y/xl}- Since |3P| = |(2 H + K F ) + (H + Kp) |, 
H°(F, O f (3H)) contains {a^/x^, Vy/xl}- Hence FL°{F,O f (3H)) is gener¬ 
ated by Image(mi 2 ) and {a^/x^, a^/x^} by dimension computation. Since a 
separates two points lying in one general fiber of 0 | 2 #|, so does every section 
in H°(F, 0i?(3P))\Image(mi 2 ). 

Finally we consider the case that \M\ is special. By [21 6.4.1], there exists 
an elliptic pencil |P| = |2P| such that \M\ = |P + © + Kp\ where 0 is a 
smooth rational curve with P.0 = 2. Since 

dim H°(F,O f {E)) = dim H°(F,Op(E')) = dim H°{F,O f {@)) = 1, 

we write their generators by e, e', and 6 respectively. Then H°(F, Of(P)) is 
generated by {e 2 ,e' 2 } and H°(F,O f (M + Kp)) is generated by {e 2 9,e , 2 9} 
since \M + Kp\ = |P + 0|. Since \P + I< F \ = \E + E'\, H°(F, O f {P + K F )) 
contains ee' and hence H°(F,O f (M)) contains ee'9. We may choose a 
section rj to complete a basis of H°(F, O f (M)). Since |2P| = \2M\ = |2(M+ 
Kp) |, F[°(F,O f (2F[)) contains {e 4 9 2 , e 2 e , 2 9 2 , e , 4 9 2 } and {e 2 e , 2 9 2 , ee'S'i^r/ 2 } 
which sum up to a basis. For simplicity, we write xo = e 2 e , 2 9 2 , xi = e 4 9 2 , 
x 2 = e / 4 0 2 , X 3 = ee'9r /, X 4 = r/ 2 . Then they satisfy equations Xq = xix 2 
and x 2 = X 0 X 4 which actually define 0i 2 /fi(P) C P 4 (cf. 0 1.4]). We can 
formally define xq = ee'9 and dehne yfxl for i = 1,2,4 similarly. Rewrite 
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what we have known, H°(F, Of(M + Kp)) is generated by {y/xf, yfxfiff, 
H°(F, Of(M)) is generated by {y/xo, y/xl}- On the other hand, recall that 
\2H + Kp | gives a birational map on F (cf. [B, Proof of Lemma 5.2.7]), there 
is a section a E tt°(F,Op(2tt + Kp)) which separates two points lying in 
one general fiber of <f>\2H\- 

If \H\ = | M + Kp\, then Image(mi 2 ) C H°(F,Of(3H)) is generated by 
{x iy /xf, Xjyfx 2 | 0 < i < 4,2 < j < 4} 

which is 8 -dimensional. Note that H°(F, Of(3H)) contains {(Tydco, cr-y/x^} 
since |3i7| = |(2 H + Kp) + M\. Hence H°(F,Of(3H)) is generated by 
Image(mi 2 ) and {a^/xo, a^/xl} by dimension computation. 

If \H\ = \M\, then Image(mi 2 ) C H°(F,Of(3H)) is generated by 

{x iy /xo,Xjy/X 4 | 0 < * < 4 , j = 1 , 2 , 4 } 

which is 8 -dimensional. Note that H°(F,Op(3H)) contains {a^/xi, cr-ydri} 
since |3i7| = \{2H + Kp) + {M + Kp)\. Hence H°(F, Of(3H)) is generated 
by Image(mi 2 ) and {cr^/xi, a^/x^} by dimension computation. 

Since a separates two points lying in one general fiber of <j>\ 2 H\ i R both 
cases, so does every section in H°(F, Op(3H))\Ima,ge(mi2)- □ 

Remark 5.6. Lemma f5.2l and Proposition 15.51 imply that, if F is an Enriques 
surface, then |3L + a*.P| separates two general points on F for all P E 
Pic°(C < ). In fact, there is a simpler proof: if |2i7| gives a birational map, 
then |3L + a*P\ separates two general points on F for all P E Pic°(C) by 
Corollary 13. 31 4): if |277| does not give a birational map, then \2H+Kp\ gives 
a birational map (cf. | 6 ) Proof of Lemma 5.2.7]), hence |2L + Kx + a*P| 
separates two general points on F for general P E Pic°(C') by Corollary 
13.21 41 and |3L + a*P| separates two general points on F for all P E Pic 0 (C) 
by considering the map 

|2L + Kx + a*P\\ + |L — Kx + a*P 2 \ — y \3L + a*(P\ + P 2 )\ 
for P u P 2 e Pic°(C). 

5.4. Abelian surfaces. In this subsection, we consider abelian surfaces and 
prove the following proposition. 

Proposition 5.7. Let F be an abelian surface and H a nef and big divisor 
on F with H 2 > 4. Assume that \2H\ does not give a birational map. Then 
\2H\ gives a finite morphism (j>\ 2 H\ °f degree 2, and every section in 

H°(F , Op(3H))\lmage(m 12 ) 

separates two points lying in one general fiber of cf)\ 2 H\- 

We remark that for a divisor on an abelian surface or a bielliptic surface, 
ampleness is equivalent to nef-and-bigness. The structure of F on which 
\2H\ does not give a birational map is very clear by the following theorem. 

Theorem 5.8 ( [TSI Theorem 1]). Let F be an abelian surface and Ft an 
ample divisor on F. Assume that \2H\ does not give a birational map. 
Then either Ft 2 = 2, or F ~ C\ x C 2 and Ft = D\ x C 2 + C\ x D 2 , where 
Ci is an elliptic curve and Di is an ample divisor on C) for i = 1,2, and 
deg-Di = 1. 
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Proof of Proposition \ 5. 7[ By Theorem 15.81 F ~ C\ x C 2 and H = D\ x 
C 2 + Ci x D 2 , where C* is an elliptic curve and Di is an ample divisor on 
for i = 1,2, and degDi = 1, degL >2 = > 2. Then \2H\ defines a finite 

morphism C\ x C 2 —>• P 1 x C 2 of degree two. Note that two points lie in 
one fiber of 4>\ 2 h\ if and only if they lie in one fiber of C\ —>• P 1 defined by 
|2Z?i| = 1 2 TT|c' 1 1, here Cl is viewed as a fiber of Ci x C 2 —>• C 2 . 

Now H°(Ci,Oc 1 (Di)) is generated by a section x, H°(Ci,Oc 1 {2Di)) is 
generated by {x 2 ,y}, and Oc 1 (3Di)) is generated by {x 3 ,xy,a}, 

where a separates two points lying in the same fiber of Ci —>• P 1 defined by 
|2Z?i|. Also the multiplication map of sections 

H\C 2 ,Oc 2 (D 2 ))®H 0 (C 2 ,Oc 2 (.2D 2 ))^H°(C 2 ,Oc 2 (3D 2 )) 

is surjective. Since 

H°(F, Q F (iH )) ~ H 0 (Ci,O Cl (iDi)) ® H°(C 2 ,0 Ca (iD 2 )) 

for i = 1,2,3, it is easy to see that Image(mi 2 ) C H 3 (F,Of(3H)) is gener¬ 
ated by {x 3 ,xy} ® H°(C 2 ,Oc 2 (3D 2 )) and F[°(F,Of{3H)) is generated by 
Image(mi 2 ) and a ® H°(C 2 , Oc 2 (3D 2 )). Since a separates two points lying 
in the same fiber of Ci —>• P 1 , H°(F, Cj?( 3 i?))\Image(mi 2 ) separates two 
points lying in one general fiber of 4>\ 2 h\- Cl 


5.5. Bielliptic surfaces. In this subsection, we consider bielliptic surfaces. 
In fact, we could not apply Lemma 15.21 directly in this case. The key point 
is that we should replace rn 12 in Lemma 15.21 bv another multiplication map 
m' l2 , see Proposition 15.111 and proof of Proposition 15.91 We can still prove 
the following proposition. 

Proposition 5 . 9 . Keep the notation as the beginning of Section 5. Fix 
P G Pic°(C) and fix a general fiber F, assume that F is a bielliptic surface 
and \2H\ does not give a birational map. Then |3 L + a*P| separates two 
general points on F. 

We recall the classification of bielliptic surfaces. 

Theorem 5.10 (see 0 ). Given a bielliptic surface F, there exist two elliptic 
curves A, B, and an abelian group G acting on A and on B such that: 

(1) A/G is elliptic and B/G — P 1 ; 

(2) S ~ (A x B)/G, where G acts on Ax B componentwisely. 

Denote by : S —>• (A/G), T : S —>• (B/G) the two natural projections. 
Since A —>• (A/G) is etale, all fibers of are smooth. All smooth fibers of 
(respectively of T) are isomorphic to B (resp., to A). We will denote by A 
or B the class in Nurn(S') (the group of numerical classes of divisors on S) 
of a fiber of T or respectively. We list all the possibilities of G and basis 
of Num(iS') in the following table (see [23]). 
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Type 

G 

Basis of Nurn(S') 

1 

Tj2 

{(1/2)A, B} 

2 

X 

{( 1 / 2 )H, (1/2)5} 

3 

Z 4 

{(1/4 )A,B} 

4 

Z 4 x TL 2 

{(1/4)A (1/2)5} 

5 

Z3 

{(1/3)A, B} 

6 

Z3 X Z3 

{(1/3)H, (1/3)5} 

7 

Zq 

{(1/6)A,B} 


Table 1 


First we prove the following proposition. 

Proposition 5.11. Let F be a bielliptic surface and H a nef and big divisor 
on F. Assume that \2H\ does not give a birational map. Then \2H\ gives a 
morphism fi\ 2 H\ °f degree 2, and every section in 

H° (F.Op (HH ) )\Image (to', 2 ) 

separates two points lying in one general fiber of 4>\ 2 h\> where m' l2 is the 
midtiplication map 
r —1 

to ',2 : ® H 0 (F,O F (H + iK F ))®H°(F,O F {2H-iK F )) H°(F,Op(3H)). 

i =0 

Here r is the global index of Kp, i.e, r = min{m € Z>o | mKp ~ 0}. 

Proof. By classification, we may assume that F ~ [A x B)/G and H = 
—A + —B, where m,n are positive integers and {-A, -B} is the basis of 
Num(F). In this case A ■ B = \G\ = rs with r > 2 and r is also the global 
index of Kp. Since \2H\ is not birational, by Reider’s theorem (Theorem 
12.61) . there exists a base point free pencil E such that 2 H ■ E = 2 (cf. |21l 
Corollary 2]). Since E 2 = 0, either E = A or E = B. If E = A, then 

777 - 77 

1 = E ■ H = A ■ (—A + —B) = rn> 2, 

T S 

which is a contradiction. Hence E = B and 

777 77 

1 = E ■ H = B ■ (—A + —B) = sm. 
r s 

This implies that m = s = 1 which means that we are now in Type 1,3, 5, 7 
of Table 1. Hence H = 1 A + nB with n = > 1. 

For 0 < i < r — 1, we consider two points x,y lying in one general fiber 
°f 4 > \2H+iK F \, by the above argument using Reider’s theorem, x,y must lie 
in a fiber Bq of $ : S —» (A/G). Since 2 H — B = 2 A + (2 n — 1 )B is ample, 

H°(F,O f ( 2H + iKp)) -> H°(B 0 ,Ob 0 (2H + iK F )) 

is surjective and x, y must lie in a fiber of Bq —>• P 1 defined by |(2 H + 
iK F )\ Bo \ = |2i7|^ 0 |. Hence 4>\2H+iK F \ is a generically finite morphism of 
degree 2, and a general fiber of 4>\ 2 H+iK F \ is exactly a fiber of Bq —>• P 1 
dehned by \2H\b 0 \ where Bq is some fiber of <h : S —>• (A/G). In particular, 
this general fiber is independent of i. 

Since H B = 1 and h°(F,Op(H)) > 0, we may assume that H is effective 
and its ^-horizontal part H h is isomorphic to A/G. We may write H h = 
^A + n'B with n' < n. Since g(H h ) = g(A/G) = 0, n! = 0 and H h = ~ r A. 
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We have H = H h + < h*0^/ G (L>) where D is an effective divisor on A/G with 
deg D = n. Denote F = Ax B, note that we have the following commutative 
diagram: 



B/G^—F — A/G . 



T 




It is easy to see that t*O f {FL ) ~ Op(H) where H ~ q*OB{D \) +p*Oa(F> 2 ) 
where D\ and D 2 are divisors on B and A respectively with deg D\ = 1 and 
degl ?2 = rn > 2. We have a multiplication map 

mia : H°(F, Op(H )) 0 H°(F, Op(2H)) -»■ H°(F,Op(3H)). 

By the proof of Proposition ^. 7L every section in H°(F, Op(3H ))\Irnage (to 12 ) 
separates two points lying in the same fiber of B — > P 1 which is defined by 
|2P7 |b|, here B is viewed as a general fiber of p. Note that by projection 
formula, for j > 0 , 


r— 1 

H°(F,Op(jH )) ~ ® H°(F, 0 F (jH + iI < F )). 

i=0 

Hence Image(mi 2 ) fl H°(F , O f (3H )) = Iinage(m , 12 ). Hence every section in 
H 0 (F, 0 F (3H))\Image(m' 12 ) separates two points lying in the same fiber of 
B —>• P 1 which is defined by |2i7|s|, here H is viewed as a general fiber of 
<h. Hence every section in 

H°(F, 0 F (3H))\lmage(m' 12 ) 


separates two points lying in one general fiber of (j)\2H\- 


□ 


The proof of Proposition 15.91 is almost the same with the proof of Lemma 


Proof of Proposition \5. M Since |2L/j separates two points on F not lying in 
the same fiber of <f>\ 2 H\i by Proposition 13.If 4) and the argument in the proof 
of Corollary 13.21 |3L + a*P| separates two points on F not lying in the same 
fiber of 4>\2h\- We only need to find a section in H°(X, Ox{3L) 0 a*P ) that 
separates two points lying in one general fiber of 4 >\ 2 h\- 
Consider the exact sequence 

0 -> F’ -> a*0x(3L) -> Q' -> 0 

where F' is the image of the multiplication morphism 

r —1 

a*Ox(L + iKx) 0 a*Ox(2L — iKx ) —> a*Ox{3L). 

i=0 

Denote z = a(F) € C a general point. Note that by definition and adjunc¬ 
tion formula, Q' 0 C(z) is the cokernel of 

r —1 

to ',2 : ® H 0 (F,O F (H + iK F ))®H°(F,O F {2H-iK F )) ^ H°(F,O f (3H)), 

i =0 
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which is non-zero since H°(F , O f (3H)) gives a birational map but Image(m , 12 ) 
can not separate two points on F lying in one general fiber of <j)\ 2 H\ by the 
proof of Proposition 15.111 Hence Q! ^ 0 and moreover, Q! is not torsion 
since 2 ; is general. Consider the exact sequence 

0 -> T -> Q! -> Q!/T' -> 0 , 

where T' is the torsion subsheaf of Q'. Then Q!/T' is a non-zero IT 0 vector 
bundle on C by Lemma [27)1 21. By Lemma [2721 H°(C, (Q!/T') <g) P) 7 ^ 0. 
Fix a non-zero section <7o € H°(C, (Q!/T') <g> P), since 

H°(C, Q'®P)^ H°(C , (Q!/T') <g> P) 

is surjective, <7o lifts to <7 G H°(C , Q'®P). Since 2 is general and (Q!/T')<8>P 
is locally free, we may assume that 00 is not zero along 2 , hence a is not 
zero along 2 . 

Since a*Ox(L + iKx ) and a*0x(2T — iKx) are IT 0 by Lemma I21T1 they 
are ample by Lemma 1231 11. So ©'~q &*Ox{L + iKx) < 8 > a*Ox{2L — iKx) 
and J 7 ' are ample and whence IT 0 . By taking cohomology, it follows that 

H°(X , O x (3T) <g> a*P) ~ P°(C, a*O x (3L) ® P) ->■ P°(C, Q' <g> P) 

is surjective. Hence er lifts to ct G H°(X,Ox(3L ) <g) o*P). Note that, cr is 
not zero along 2 by construction, we have 

0 / < 7 ( 2 ) £Q'®P® C( 2 ) ~ H°(P, 

Hence a(z) € H°(F, Oi7’(3P))\Image(m / 12 ), and separates two points lying 
in one general fiber of 4>\2H\ by Proposition ^.Ill Hence |3T + a*P| separates 
two points lying in one general fiber of 4 >\ 2 h\- Q 

5.6. Proof of Theorems 15.11 and 11.21 

Proof of Theorem \5.1[ Recall that a : X —>• C = Alb(X) is the Albanese 
map where C is an elliptic curve. Fix P € Pic°(C) ~ Pic 0 (A). By Corollary 
13.31 21. |3L + o*P| separates two general points on two different fibers of a. 

Fix a general fiber F of a, which is a surface with Kp = 0 and H = 
L\p. If \2H\ gives a birational map, then by Corollary 13.31 31. |3L + a*P\ 
separates two general points on P; if \2H\ does not give a birational map, 
then |3T + a*P| also separates two general points on F by Lemma 15.21 
Propositions l5.31 15.5115.71 and 1 5.9 1 unless F is an abelian surface with H 2 = 2. 

Now we consider the case that F is an abelian surface with H 2 = 2. In 
this case the assumption of Lemma 14.21 is satisfied. Hence a*Ox(3T) < 8 > P is 
generated by global sections. Hence 

H°(X, O x (3L)®a*P ) ~ H°(C, a*O x (3L) ® P) 

a*O x (3L) (8) P ® C(z) ~ H°(F,O f {3H)) 

is surjective where 2 = a(F) G C. Since |3H| gives a birational map on P, 
|3L + a*P| separates two general points on P. 

Hence we proved that |3T + a*P| separates two general points on X , and 
whence gives a birational map. □ 

Finally, Theorem II. 21 follows from Corollary 13.31 11. Theorems 14. II and 15. II 
directly. 












On irregular 3-folds and 4-folds with K = 0 


19 


6 . Irregular 4-folds with K = 0 

In this section, we prove Theorem 11.51 We prove the following general 
theorem. 

Theorem 6 . 1 . Let X be a smooth projective variety with K\ = 0, a : 
X —> A = Alb (A) the Albanese map, and L an ample divisor on X. If 
dim A —dim A < 3, then \mL + P\ qives a birational map for all rn > 5 and 
all P G Pic 0 (X). 

Proof. Let X be a smooth projective variety with Kx = 0 and L an ample 
divisor on X. Take a : X —>• A = Alb(A) be the Albanese map and fix 
P £ Pic 0 (A). By Theorem II.41 we may assume that dim A = dim A —3 = 1. 
By Theorem 11.41 11. it suffices to prove that |5 L + a*P\ gives a birational 
map. Fix a general fiber F of a, which is a smooth projective 3-fold with 
Kx = 0, and denote H := L\ F . By Corollary 13. 21 21. it suffices to prove that 
|5L + a*P | separates two general points on F. By Corollary 13.21 41. we may 
assume that |4L/j does not give a birational map on F. Hence by Theorem 
11.21 q(F) = 0, which implies that 

h 3 {0 F ) = h 0 (O F ) + h 2 (0 F ) > 0 

and hence Kp ~ 0. In other words, (F, H) is a polarized Calabi-Yau 3-fold 
such that |4iL| does not give a birational map. As classified by Oguiso phi 
Theorem (1.1)], there are only two cases: 

(I) F = (10) C P(l, 1,1, 2,5) with H = O f { 1), or 
(II) h 0 (F,O F (H)) = 1. 

For the second case, the assumption of Lemma 14.21 is satisfied. Hence 
a*Ox(5L) ® P is generated by global sections and therefore 

H°(X, O x (5L) (g) a*P ) ~ H°(A, a*O x (5L) ® P) 

-> o*0x(5L) < 8 > P ®<C(z) ~ H°(F,O f {5H)) 

is surjective where z = a(F) € A. Since |5iL| gives a birational map on F, 
|5 L + a*P | separates two general points on F. 

For the first case, it is easy to see that 

(1) |4iL| gives a generically finite morphism 0| 4 #j of degree 2; 

( 2 ) every section in 

H°(F, O f (5H)) \Image( 7711423 ) 

separates two points lying in one general fiber of H \, here 7714423 
is the multiplication map of sections 

7771423 : H°(F,O f (H)) ® H°(F,O f (4H)) 

®H°(F, O f (2H)) (8 H°(F, O f (3H)) 

^ H°(F,O f (5H)). 

It is enough to show that |5L+a*P| separates two points lying in one general 
fiber of <f>\ 4 ^ 1 . 

Here we use the idea of proof of Lemma 15.21 or Proposition 15.91 again. 
Since q(F) = 0 in this situation, the assumption that A is an elliptic curve 
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is no longer needed as in the proof of Lemma 15.21 or Proposition 15.91 which 
was kindly pointed out to the author by the referee. 

Consider the exact sequence 

0 -A F -A a*O x (5L) -A Q -A 0 

where F is the image of the multiplication morphism 

a*Ox(L) © a^Oxi^L) © a*C?x(2L) © a*£?x(3L) —> a*Ox(5L). (6.1) 

Denote z = a(F ) 6 d a general point. Note that by definition, Q © C(^) 
is the cokernel of 777 - 1423 , which is non-zero since H°(F,Of{5H)) gives a 
birational map but Image (mi 423 ) does not. Hence Q / 0. 

We claim that Q and F are ample locally free sheaves. By Subsection 
EH there is an etale covering 7 t : B A such that X X 4 B ~ F x 5, we 
have the following commutative diagram: 

F x B^-^B 

(7 7 r 

X-—a. 

Note that, by q(F ) = 0 , cr*Ox(L ) = O f{L\)MO b{L 2 ) where Li is an ample 
divisor on F and L 2 an ample divisor on B. Hence for any interger m, 

ir*a*Ox(rnL) = pB*cr*Ox{inL) = H°(F, Op(mLi)) © Os(mL 2 ). 

Hence after pull-back by 7 r, map (16.11) turns out to be a map between direct 
sums of 0 b( 5 L 2 ). Hence n*Q and ir*F are also direct sums of Ob(5L>2), 
which are ample locally free sheaves on B. Since 7 r is etale, Q and T are 
ample locally free sheaves on A, in particular, they are IT 0 . 

By Lemma [2221 H°(A, Q0P) 7 ^ 0. Fix a non-zero section a € H°(A, Q© 
P). Since 2 is general and Q © P is locally free, we may assume that a is 
not zero along 2 . Since F is IT 0 , by taking cohomology, it follows that 

H°(X,O x {5L) © a*P) ~ H°(A,a*O x (5L) © P) -> H°{A,Q® P) 

is surjective. Hence a lifts to a E H°(X,Ox{5L) © a*P). Note that, a is 
not zero along z by construction, we have 

0 / <7(2:) 6 Q®F© C(z) 

Hence a(z) £ H°(F, Of( 5H))\Image(mi423), and separates two points lying 
in one general fiber of by assumption. Hence |5L + a*P| separates two 
points lying in one general fiber of 

We complete the proof. □ 
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